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ABSTRACT 
In this paper we study oscillatory phenomena in physiological systems 
from differE~ntial equation models. Special attention is given to numerical 
and asymptotic methods for the analysis of entrainment and the occurrence 
of travelling phase waves in model problems such as coupled Van der Pol 
oscillators .. 
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1 • INTRODUCTION 
In this paper we describe the role of mathematical models in the 
investigation of a physiological system given by n state variables 
(x1(t), ••• ,xn(t)) depending continuously on time t and satisfying a vector 
differential equation of the form 
(1) dx dt = f(x). 
The Hodgkin-Huxley equations [8] and the Van der Pol equation [4] are two 
examples of systems having this form. In the first the state variables 
represent some physical quantities; the second equation is often used as a 
simple theoretical model of a physiological system exhibiting a self sus-
tained oscillation. 
In experiments the characteristic features of a biological system are 
understood from the system's response under a periodic stimulus, see [7]. 
In that case mathematical methods, such as correlation techniques, are used 
to analyse this response. 
In this paper we follow a different approach. We will try to predict 
the occurrence of phenomena such as entrainment from a study of the 
mathematical model. Fore more complex problems (n large or complicated 
functions f.) we will rely upon numerical methods, while for a simpler 
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model problem as the Van der Pol oscillator analytical methods may learn us 
about the properties of the system. Thus, we study a system of differential 
equations (1) augmented with time dependent periodic coefficients. Such a 
system we write as 
(2) dx dt = g(x,t,b) 
with 
(3ab) g(x,t,O) = f(x) and g(x,t,b) = g(x,t+2n,b). 
Clearly, the period of the stimulus is taken 2n and the parameter bis a 
measure for its intensity. 
2. A NUMERICAL METHOD FOR FINDING PERIODIC SOLUTIONS 
It is expected that the solution of (2) has a periodic solution with 
the same period as the stimulus. If this is the only periodic solution and 
if it is also stable, then this solution is usually easily detected. How-
ever, it may be quite well possible that one or more stable solutions with 
different periods also exist, e.g. subharmonic solutions with different 
periods being a multiple of the driving period. Each of these stable solu-
tions will have its own domain of attraction. By just integrating the 
system numerically for some starting value we may arrive at one periodic 
solution without having any idea about the existence of others. In order to 
deal with this problem more systematically, we integrate the system over 
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the time interval 2n for a large number of starting points within the opera-
tional domain of the state space. This integration procedure provides us 
with an approximation of the mapping P of the state space into itself: 
(4) P: x(O) i--+- x(2~). 
If for some starting value x the solution returns after k iterations of the 
map Pin x, we have obtained a periodic solution with period 2nk. Such a 
point is found as the value of x where the positive semi-definite function 
(5) k Vk (x) = llp x-xll 
vanishes. In (5) the symbol U.O denotes the Euclidean norm of a vector. 
We will illustrate this method by the following example, for which 
other approaches such as the Galerkin method [12] did not turn out to be 
appropriate for finding the subharmonic solutions. We consider the 
Volterra-Verhulst equations with a periodically varying coefficient (see 
[I]): 
(6a) 
dx1 
dt = 4.539x1(1+bcost-x2 -.OO2Sx1), 
(6b) b = .25. 
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Fig.I. Level lines of the functional V, n = 1,2,3,4. 
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In Figure 1 we depicted the functional Vk(x), k = 1, ••• ,4, while in 
Figure 2 the domain of attraction of the stable periodic solutions is 
constructed with the method of Hayashi [6]. For other numerical and 
analytical approaches to this problem we refer to [11,13]. 
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Fig.2. Attraction domains of the subharmonic solutions 
3. ANALYTIC.AL RESULTS FOR FORCED OSCILLATIONS 
For the "simple" model problem of the Van der Pol oscillator with a 
sinusoidal forcing term, that is 
(7a) 
dx1 1 3 
--= X -
"(3xl-xl) ' dt 2 
(7b) 
dx2 
b(v)v cost, --= -x + dt 1 
we apply asymptotic methods to analyze the existence of periodic solutions. 
Asymptotic methods are a well-known tool in the analysis of almost linear 
systems such as (7) with O < v << 1. However, oscillating systems in 
4 
5 
biology tend to be highly nonlinear and highly stable in their orbit, 
although within their orbit they may be easily speeded up or slowed down. 
The system (7) with v >> 1 indeed has this properties. In [3,5] this problem 
is analyzed for b(v) = a+ (3v- 1, 0 s a s 2/3. It turns out that for some 
(a,13 1) one stable subharmonic solution exists, while for some nearby value 
(a,132) two stable subharmonics with period differing 4~ are found. 
4. MODELLING MUTUAL ENTRAINMENT 
Finally, we consider a specific structure of (1); we analyse the 
behaviour of a system of weakly coupled piece-wise linear oscillators 
(Sa) 
(Sb) k = 1, •.. ,n, 
(Sc) F(x) = x±2 for x~+l, F(x) = -x for lxl s 1, 
ith O < £ << o << 1. In [4] we investigated systems of such oscillators 
arranged in geometrical structures with nearest neighbour coupling 
(ajk = 1, if oscillators j and k are neighbours, otherwise ajk = O). 
Concentrating upon the phases of the oscillators as a function of time and 
position we observe the occurrence of wave phenomena. We studied the fol-
lowing configurations: 
(a) OsaiZZators on a line 
We consider a string of 51 oscillators with each oscillator coupled 
to its two neighbours. In this example we also introduce a dependence of 
the autonomous period upon the position on the line: it is assumed that 
it increases from one side to the other (gk = -1.25+(k-1)/20, 
TkO = 2(1+o8k)ln3+0(o2) + O(ElnE)). In this way we have constructed an 
idealization of the gastro-intestinal tract, see [9]. In Figure 3 we 
give the state variable ~l of an o.scillator as a function of its position 
k after a time being the length of 200 periods of the average autonomous 
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oscillator. It is assumed that initially the oscillators are all in the 
same phase (bulk oscillation). We find that the system tends to a state of 
partial entrainment, but looking globally to the phases of the oscillators 
we see a wave travelling from the inherently faster oscillators towards the 
slower ones .. This result agrees with electronic simulations by BROWN et al. 
[2]. 
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Fig.3. Piec1:!wise linear oscillators on a line (continuous representation) 
at time t = 400ln3; initially all oscillators were running in the 
same phase. 
(b) OsciUators on a toPUS 
Next w1~ investigate a set of identical oscillators (gk = O) arranged 
on a two-dimensional torus with coupling between neighbours. A numerical 
experiment ,Nas done with 144 oscillators starting in phases being randomly 
distributed. After a time equivalent with 50 periods of the autonomous 
oscillators, the system arrived in a state with phase waves running over 
the torus braking down when meeting each other and with wave centres 
appearing and disappearing spontaneously. The system did remain in this 
state for an extended period of time, see Figure 4. This chaotic pattern 
resembles fibrillation of the heart's ventricles, a state in which the 
coordination of the fibres of the heart muscle decreases rapidly with 
increasing distance. Experiments of this type might possibly add to a 
better understanding of this phenomenon. 
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Fig.4. Piecewise linear oscillators on a torus, illustrating numerical 
experiment. The right and left boundaries are connected, as well as 
the upper and lower boundaries. The phase~ of each oscillator is 
indicated by the rounded off value of 3~/ln3. Wave fronts and their 
direction are indicated by lines and arrows. At the start of the 
experiment phases were assigned randomly. The figure represents the 
state after 50 iterations of the Poincare map and is repeated two 
times in the horizontal direction. 
REFERENCES 
[l] BLOM, J.G., R. DE BRUIN, J. GRASMAN & J.G. VERWER, Forced prey-predator 
oscillations, Report TW 201, Math. Centre Amsterdam, to appear 
in J. Math. Biology. 
[2] BROWN, B.N., H.L. DUTHIE, A.R. HORN & R.H. SMALLWOOD, A linked oscil-
lator model of electrical activity of human small intestine, 
Am. J. Physiol. 229 (1975), p.384-388. 
[3] GRASMAN, J. E.J.M, VELING & G.M. WILLEMS, Relaxa.tion oscillations 
governed by a Van der Pol equation with a periodic forcing term, 
SIAM J. Appl. Math. l!_ (1976), p.667-676. 
[4] GRASMAN, J. and M.J.W. JANSEN, Mutually synchronized oscillators as proto-
types of oscillating systems in biology, J. Math. Biology 7 
(1979), p.171-197. 
8 
[5] GRASMAN, J., On the Van der Po"l re"laxation osaiUator with a sinusoid.a."l 
foraing term, Report TW 207, Math. Centre Amsterdam (1980). 
[6] HAYASHI, c., Non"linear osai"l"lations in physiaa"l systems, McGraw-Hill, 
New York. (1964). 
[7] HOLDEN, A. v., The response of exaitab"le merribmne mode"ls to a ayaUa 
input, Biol. Cybernetics Q (1976), p.1-7. 
[8] HOLDEN, A. V., Autorhyt:rniaity and entrainment in exaitab"le membranes, 
Biol. Cybernetics 38 (1980), p.1-8. 
[9] MIN, F.B.M., ModeUing the e"leatria gastria and aardiaa aativity by 
non"linear osai"l"lators (Dutch), Report M126, Electr. Engin. Dept., 
Techn. Univ. Delft (1975). 
[ 10] MURRAY, J .D., Leatures on nonUnear differentia"l equation mode"ls in 
bio"logy, Oxford, Clarendon Press (1977). 
[ 11] SANDERS, J .A. & M. VAN VELDHUIZEN, Foraed prey-predator osaiUations 
II: the period doub"ling bifuraation, Report 138, Math. Dept., 
Free Univ. Amsterdam (1980). 
[ 12] URABE, M. & A. REITER, Numenaa"l aomputation of nonUnear foraed 
osai"l"lations by Ga"lerkin's proaedure, J. Math. Anal. and Appl. 
J.i (1966), p.107-140. 
[13] VELDHUIZEN, M. VAN, A aode for so"lving impUait equations, Report 141, 
Math. Dept., Free Univ. Amsterdam (1980). 

